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Abstract. Quantumness and separability criteria for continuous variable systems are
discussed for the case of a noncommutative (NC) phase-space. In particular, the quantum
nature and the entanglement configuration of NC two-mode Gaussian states are examined. Two
families of covariance matrices describing standard quantum mechanics (QM) separable states
are deformed into a NC QM configuration and then investigated through the positive partial
transpose criterium for identifying quantum entanglement. It is shown that the entanglement
of Gaussian states may be exclusively induced by switching on the NC deformation. Extensions
of some preliminary results are presented.
1. Introduction
The most salient quantum features in the context of a phase-space noncommutative (NC)
extension of quantum mechanics (QM) have already been quantified [1] and issues such as
quantum entanglement [2], quantum beating, wave function collapse and loss of quantum
coherence [3] have also been examined. These findings allow for a broader understanding of
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the correspondence between quantum and classical systems, as well as for probing the role of
the NC deformation when tuning to standard QM predictions.
The NC extensions of QM show an impressive range of characteristic features when concerned
on studies of the quantum Hall effect [4], on the the gravitational quantum well for ultra-cold
neutrons [5], on the Landau level and the 2D harmonic oscillator problems in the phase-space
[6, 7], and as a probe for quantum beating and missing information effects [3] as well as for
quantum entanglement issues [2]. This NC QM scenario also admits putative violations of
the Robertson-Schro¨dinger uncertainty relation [8]. On a broader context, noncommutativity
is believed to be relevant in the formalism of quantum gravity and string theory [9, 10, 11].
Furthermore, in the framework of quantum cosmology, phase-space noncommutativity has shown
to bring up novel features in what concerns the black hole singularity [12, 13, 14, 15], as well as
to the equivalence principle [16].
From the theoretical perspective, the NC QM is supported by extensions of the Heisenberg-
Weyl algebra [1, 5, 17, 18, 19]. The theory lives in a 2d-dimensional phase-space where time
is required to be a commutative parameter, and coordinate and momentum variables obey
a NC algebra. In particular, the NC extension of QM is more suitably formulated in the
Weyl-Wigner-Groenewold-Moyal (WWGM) formalism for QM [20, 21, 22]. From the subjacent
algebra perspective, the phase-space NC generalizations of QM are based on extensions of the
Heisenberg-Weyl algebra [1, 17, 23]. NC QM shows also to have a bearing on issues such as the
Osawa’s uncertainty principle (OUP)[24, 25, 26] as discussed in Ref. [27]. Relevantly, the OUP
is claimed to be the one supported experimentally [28, 29].
The proposal of this contribution is to extend the formalism for describing quantumness
and separability of two-mode Gaussian states, setting up a NC criterion for entanglement. We
report on some previous results on the phase-space NC QM [2], more specifically on the role of
phase-space noncommutativity to yield Gaussian entangled states. Concerning the framework
for identifying the separability and the entanglement of quantum Gaussian states, one of the
main results reported in this manuscript is related to the positive partial transposed (PPT)
separability criterion [30, 31]. Generically, the PPT criterion provides a necessary and, in some
cases, sufficient condition for distinguishing between separable and entangled states in discrete
quantum systems. The framework has been extended to continuous variable systems [32] by
implementing the partial transpose operation as a mirror reflection in the Wigner phase-space.
The continuous PPT criterion presented in the theory of quantum information of Gaussian
states [33, 34, 35] has been examined in the context of identifying the entanglement properties
exclusively induced by a NC deformation of phase-space [2]. Besides recovering the results of
Ref. [2], hereon novel results for typical Gaussian states are presented.
2. Noncommutative criterion for entanglement and separability
Consider a bipartite quantum system described in terms of a 2nA-dimensional subsystem A and a
2nB-dimensional subsystem B with nA+nB = n, one can write the collective degrees of freedom
of the composite quantum system as ẑ = (ẑA, ẑB), where ẑA = (x̂A1 , · · · , x̂AnA , p̂A1 , · · · , p̂AnA) and
ẑB = (x̂B1 , · · · , x̂BnB , p̂B1 , · · · , p̂BnB ), which correspond to the generalized coordinates of the two
subsystems [2]. The assumed commutation relations given by
[ẑi, ẑj ] = iΩij , i, j = 1, · · · , 2n, (1)
are described in terms of the associated matrix given by Ω = [Ωij ] ≡ Diag
[
ΩA, ΩB
]
, where
ΩK, with K = A and B, is a real skew-symmetric non-singular 2nK × 2nK matrix of the form
ΩK =
(
ΘK IK
−IK ΥK
)
, (2)
where ΘK =
[
θKij
]
and ΥK =
[
ηKij
]
, respectively, measure the noncommutativity of the
position-position and momentum-momentum sectors of the subsystems A and B, with IK as
the nK × nK identity matrix (and it has been set h¯ = 1). The NC structure can be formulated
in terms of commuting variables by considering a linear Darboux transformation (DT), ẑ = Sζ̂,
where ζ̂ = (ζ̂A, ζ̂B), with ζ̂A = (q̂A1 , · · · , q̂AnA , k̂A1 , · · · , k̂AnA) and ζ̂B = (q̂B1 , · · · , q̂BnB , k̂B1 , · · · , k̂BnB )
satisfying the usual QM commutation relations:[
ζ̂i, ζ̂j
]
= iJij , i, j = 1, · · · , 2n, (3)
where J = [Jij ] = Diag
[
JA,JB
]
with
JK = −(JK)T = −(JK)−1 =
(
0 IK
−IK 0
)
, (4)
which is a 2nK × 2nK standard symplectic matrix for K = A and B. The linear transformation
S ∈ Gl(2n) is such that S = Diag
[
SA, SB
]
, and Ω = SJST , or in terms of submatrices labelled
by K, ΩK = SKJK(SK)T . Giving that the map S is not uniquely defined, if one composes S
with block-diagonal canonical transformations, an equally valid DT is obtained.
For a composite system described by the density matrix ρ, function of the NC variables ẑ,
the DT yields the density matrix ρ˜(ζ̂) = ρ
(
Sζ̂
)
, which is associated with the Wigner function:
Wρ˜(ζ) =
1
(2pi)n
∫
RnA
dyA
∫
RnB
dyBe−i(y
A·kA+yB ·kB)
〈
qA +
yA
2
, qB +
yB
2
| ρ˜ | qA − y
A
2
, qB − y
B
2
〉
. (5)
Upon inversion of the DT, one obtains the NC Wigner function [1]:
Wρ(z) = (det Ω)−1/2Wρ˜(S−1z). (6)
If Σ denotes the covariance matrix of Wρ and Σ˜ that of Wρ˜, then the two are related by:
Σ = SΣ˜ST . (7)
A necessary condition for the phase-space function Wρ˜ with covariance matrix Σ˜ to be
an admissible (commutative) Wigner function is that it satisfies the Robertson-Schro¨dinger
uncertainty principle (RSUP),
Σ˜ + (i/2)J ≥ 0, (8)
that is, a 2n × 2n positive matrix in C2n. From this condition and Eq. (7) one concludes that
for Wρ to be an equally admissible NC Wigner function, it has to satisfy the NC RSUP [8]:
Σ + (i/2)Ω ≥ 0. (9)
For Gaussian states this condition is also sufficient [8].
A composite quantum system is separable if its density matrix takes the form ρ =
∑∞
i=1 λiρ
A
i ⊗
ρBi , where 0 ≤ λi ≤ 1, for all i ∈ N ,
∑∞
i=1 λi = 1 and ρ
A
i (resp. ρ
B
i ) is a density matrix which
involves only A (resp. B) coordinates ẑA (resp. ẑB). The associated Wigner function is:
Wρ(z) =
∞∑
i=1
λiWρ
A
i (z
A)WρBi (z
B). (10)
and, through the DT, the commutative counterpart in terms of the commutative variables ζ is:
Wρ˜(ζ) =
∞∑
i=1
λiWρ˜
A
i (ζ
A)Wρ˜Bi (ζ
B). (11)
To simplify the manipulation of the above results, let one defines Λ to be the 2n × 2n matrix
Λ = Diag
[
IA, ΛB
]
, with ΛB = Diag [I, −I]. Thus, the transformation ζ 7→ Λζ amounts to a
mirror reflection of Bob’s momenta.
Thus, through the PPT criterion, if a Wigner function Wρ˜(ζ) is that of a separable state,
then the transformation
Wρ˜(ζ) 7→Wρ˜′(ζ) = Wρ˜(Λζ), (12)
leads to an equivalent Wigner function. Hence, if the state ρ˜ is separable then
Σ˜′ + (i/2)J ≥ 0 (13)
where Σ˜′ is the covariance matrix of Wρ˜′(ζ). Eq. (12) can then be rewritten in terms of the NC
variables as follows:
Wρ(z) 7→Wρ′(z) = Wρ(Dz), (14)
where Wρ(z) = 1√
detΩ
Wρ˜(S−1z) and Wρ′(z) = 1√
detΩ
Wρ˜′(S−1z) are defined accordingly to
Eq. (6) and D = D−1 = SΛS−1 = Diag[IA, SBΛB(SB)−1]. It follows from Eq. (7) that
the covariance matrices Σ′ and Σ˜′ of Wρ′ and Wρ˜′ are related by Σ′ = SΣ˜′ST . Hence, the
separability condition Eq. (13) can then be written exclusively in terms of the NC objects
Σ′ + (i/2)Ω ≥ 0 . (15)
In addition, notice that Σ′ = DΣDT where Σ is the covariance matrix of Wρ. Defining
Ω′ = D−1Ω(DT )−1 one obtains
Σ + (i/2)Ω′ ≥ 0 . (16)
We point out that the matrix Ω′ is simply given by
Ω′ = Diag
[
ΩA, −ΩB
]
, (17)
where one has used the definition of Ω and the fact that ΛB is an anti-symplectic transformation,
i. e. ΛBJBΛB = −JB. By itself, this result is an elegant generalization of the result from
Ref. [32] which states that J is replaced by J′ = Diag
[
JA,−JB
]
under PPT. We stress the fact
that Eq. (17) is valid assuming that the DTs take the block-diagonal form S = Diag
[
SA,SB
]
.
3. Results for 2-dim Gaussian states
A real normalizable phase-space Gaussian function F (z) with covariance matrix Σ is the NC
Wigner function of a quantum separable state if and only if Σ satisfies the Eqs. (9) and (16) with
respect to quantum nature and separability, respectively. As suggested in [2], let one consider a
Gaussian state written as
F (z) =
1
pi4
√
det Σ
exp(−zTΣ−1z), (18)
which lives on a 8-dimensional NC phase-space with nA = nB = 2, Ω
A = ΩB, θij = θij and
ηij = ηij , with i, j = 1, 2, and where the covariance matrix is given by,
Σ =
b
2
(
I4 γ
T
γ I4
)
, (19)
for which the DT corresponds to the map S = Diag[SA, SB], with
SA = SB =

λ 0 0 −θ/2λ
0 λ θ/2λ 0
0 η/2µ µ 0
η/2µ 0 0 µ
 , (20)
subject to λµ = (1 +
√
1− ηθ)/2, which ensures the map invertibility. The NC parameters, θ
and η, are real positive constants satisfying the condition θη < 1.
The NC quantumness and separability criteria are expressed in terms of the so-called NC
symplectic spectrum. For a 2n × 2n real symmetric positive-definite matrix Σ˜ it is the set of
eigenvalues of the matrix 2iJ−1Σ˜ and these eigenvalues are called the Williamson invariants of
Σ˜. They are all positive and ν˜− denotes the smallest Williamson invariant. By Williamson’s
Theorem [32], one can show that Σ˜ complies with the RSUP (Σ˜ + (i/2)J ≥ 0) if and only if
ν˜− ≥ 1. By the same token, one calls the set of eigenvalues of 2iΩ−1Σ the NC symplectic
spectrum of Σ and the eigenvalues are called the NC Williamson invariants. The smallest NC
Williamson invariant of Σ is denoted by ν−.
First example - One considers the non-block-diagonal elements of γ as
γ =

n 0 m 0
0 n 0 −m
m 0 −n 0
0 −m 0 −n
 , (21)
where b, m and n are real parameters which are assumed, for simplicity, as to be constrained
by the relations R =
√
m2 + n2, b = (1 +R)/(1−R). In this case, the smallest NC Williamson
invariants of Σ and Σ′ are given by [2]
ν− =
1
1− ηθ
1 +R
1−R
√√√√ω−
2
−
√
ω2−
4
− (1−R2)2 (1− ηθ)2, (22)
ν ′− =
1
1− ηθ
1 +R
1−R
√√√√ω+
2
−
√
ω2+
4
− (1−R2)2 (1− ηθ)2, (23)
respectively, where ω± = 2
(
1± n2) + (1∓ n2) (η2 + θ2) ± 2m2(1 + ηθ) + n(1 ∓ 1)|η2 − θ2| +
2m(1 ± 1)(η + θ), which allows for examining the role of the NC parameters on the Gaussian
entanglement. The NC quantum nature and the separability of Gaussian states are ensured for
ν− ≥ 1 and ν ′− ≥ 1, respectively. Entangled quantum states are found in the range ν− ≥ 1 > ν ′−.
Setting θ(either η) equals to constant values, the obtained NC Williamson invariants, ν− and
ν ′−, depend exclusively on η(or θ), as depicted in Fig. 1. The standard (commutative) QM
limit is obtained by setting θ = η = 0, which implies that ν− = (1 + R)3/2/(1 − R)1/2 and
ν ′− = 1 + R. This means that for 0 ≤ R < 1, all states are quantum and separable, given that
ν− ≥ 1 and ν ′− ≥ 1, respectively. Fig. 2 shows how the NC phase-space (θ 6= 0 6= η) induces the
entanglement of the corresponding Gaussian states. The influence of the NC parameters, θ and
η, on the quantum nature, separability and entanglement of states can be depicted for several
values of R (with a degeneracy associated to m↔ n).
Second example - One considers the non-block-diagonal elements of γ as
γ =

n 0 0 −m
0 n m 0
0 m −n 0
−m 0 0 −n
 , (24)
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Figure 1. Eigenvalues ν (black lines) and ν ′ (red lines) for θ = 0, 1/8, and 1/4 as function
of η in the range [0, 0.6] (first set) and for η = 0, 1/8, and 1/4 as function of θ in the range
[0, 0.6]. Solid lines correspond to the respective smallest eigenvalues, ν− and ν ′−. Notice that
entanglement (ν ′− < 1) coexists with quantum behavior (ν− ≥ 1) for η 6= 0. Plots are for
m = R/10 and n = 3
√
11R/10 and the results are in correspondence with the first example.
Figure 2. The entanglement properties of the NC Gaussian states with the covariance matrix
constrained by R = 1/10, 1/5, and 1/2. Plots are for m = R/10 and n = 3
√
11R/10 (first
line) and for m = 3
√
11R/10 and n = R/10 (second line). Gray and red regions correspond
respectively to separable (ν˜− ≥ 1) and entangled (ν ′− < 1) quantum states (ν ′− ≥ 1). Black
region denotes the violation of the RSUP (ν− < 1) and the white region is out of the region
bound by θη ≤ 1. The results are in correspondence with Fig. 1.
where again the parameters are constrained by the relations R =
√
m2 + n2, b = (1+R)/(1−R).
In this case, the expression for the smallest NC Williamson invariants are too extensive to be
written explicitly. We just depict the results from Figs. 3 and 4 from which one can notice that
the symmetry involving the dependence on η ↔ θ disappears.
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1.0
1.5
Η
Ei
ge
nv
al
ue
sHΘ
=
0L
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1.0
1.5
Η
Ei
ge
nv
al
ue
sHΘ
=
18
L
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1.0
1.5
Η
Ei
ge
nv
al
ue
sHΘ
=
14
L
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1.0
1.5
Θ
Ei
ge
nv
al
ue
sHΗ
=
0L
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1.0
1.5
Θ
Ei
ge
nv
al
ue
sHΗ
=
18
L
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1.0
1.5
Θ
Ei
ge
nv
al
ue
sHΗ
=
14
L
Figure 3. Eigenvalues ν (black lines) and ν ′ (red lines) for θ = 0, 1/8, and 1/4 as function
of η in the range [0, 0.6] (first set) and for η = 0, 1/8, and 1/4 as function of θ in the range
[0, 0.6]. Plots are for m = R/10 and n = 3
√
11R/10 and the results are in correspondence with
the second example.
Figure 4. The entanglement properties of the NC Gaussian states with the covariance matrix
constrained by R = 1/10, 1/5, and 1/2. Plots are for m = R/10 and n = 3
√
11R/10 (first
line) and for m = 3
√
11R/10 and n = R/10 (second line). Gray and red regions correspond
respectively to separable (ν˜− ≥ 1) and entangled (ν ′− < 1) quantum states (ν ′− ≥ 1). The
results are in correspondence with Fig. 3. Notice that, in this case, the entanglement induced
by noncommutativity is highly suppressed, in comparison to the first example
4. Conclusions
Results derived from an extension of the PPT criterion for investigating the entanglement and the
separability in the phase-space NC QM are discussed and the framework has been considered
in the analysis of a novel Gaussian state configuration. Typical constraints on the smallest
symplectic eigenvalue of the partially transposed covariance matrix of the state were defined in
order to quantify the effect of noncommutativity on the quantumness and separability properties
of Gaussian states. Once again, separable standard QM two-mode Gaussian states have been
shown to exhibit quantum entanglement, which is exclusively driven by the NC deformation of
the phase-space. This means that noncommutativity can by itself induce the entanglement of
Gaussian states. This also reinforces our previous results which imply that QM effects is a timed
version of a more encompassing phase-space NC structure [1, 8, 26].
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